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Abstract

We specify an analytically solvable age-structured harvesting model for collectively optimal and
Markov-perfect Nash equilibria in both deterministic and stochastic settings. The model has any number
of age-classes and is assumed to be harvested from one or two age classes. The collectively optimal
harvests are obtained in closed form as functions of the number of individuals in the given age class. The
existence of sustainable solutions is shown to depend on fundamental biological factors and rate of
discount in addition to the internal delays in the age-structured system. In a symmetric game all actors
harvest both age classes and the existence of sustainable Nash equilibrium depends on the objective
functional properties besides the rate of discount. In an asymmetric game, the sustainability depends on
how the number of actors are divided into groups harvesting population age classes in different locations.
The collectively optimal and Nash equilibria are shown to be globally asymptotically stable for optimal
feedback solutions. Stochastic recruitment makes harvesting more conservative in both the optimal

solution and various Nash equilibria.
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1 Introduction

From its very beginning the economics of renewable biological resources has specified harvested
populations as homogenous biomass (Gordon 1954) while the related biological research has developed
a life history theory (Roff 1992). This theory describes individuals by their birth, growth, reproduction
and death and is directly linked with quantitative genetics and natural selection. It assumes that natural
selection operates via life history traits (age of maturation, number of offspring, energy allocation, etc)
and maximizes some measure of fitness®. At the population level, the theory has led to age-, size and
stage-structured models that have been estimated to numerous plant, mammal and fish species (Caswell
2001). Resource economics has an open avenue to proceed from biomass harvesting toward describing
the management of biological populations by advanced models with strong theoretical and empirical
bases and numerous application possibilities. Our study aims to proceed solving one obstacle in this
development by presenting a model with any number of age classes that allows to obtain closed form
solutions.

Hannesson (1975), Clark (1976), Reed (1980) and Getz (1980) developed the first generation of
economic models on age-structured systems but present somewhat restrictive pulse fishing or maximum
sustainable yield solutions. A new generation of models include more realistic age-structured fishery
models (Diekert et al. 2010b), size-structured forestry models (Assmuth et al. 2017) and age/sex-
structured models for mammals (Pekkarinen et al. 2014). With only few exceptions, these studies apply
numerical optimization and analytical results, not to mention closed form solutions, are scarce or
nonexistent. In addition to results for collectively optimal solutions this holds especially to game

theoretical equilibria for which only numerical open loop solutions have been presented (Diekert et al.

L Interestingly, the life history theory applies economic concepts such as investments, discounting, capital, effort, trade-offs
and methods like optimal control and dynamic programming (Roff 1992, Samuelson 1977).



2010a). Thus, we contribute to this literature by presenting analytical and closed form solutions for both
the optimal and game theoretical setting.

Closed form solutions for the biomass model have been developed within the Fish War literature.
Levhari and Mirman (1980) show that assuming logarithmic utility and a specific growth function
enables to solve optimal and Markov-perfect Nash equilibria. Fisher and Mirman (1992, 1996) extends
the analysis to two species and Doyen et al. (2018) to any number of species. One feature of the model
in these studies is that the population intrinsic growth rate is infinite implying that interior steady state
always exist. This feature is relaxed in Antoniadou et al (2013) and Mitra and Sorger (2014) and the later
authors show that in the Markov-perfect Nash equilibrium the population survives only if the rate of
discount multiplied by the number of actors remains below the intrinsic growth rate.

“Optimal” extinction is a much discussed and somewhat controversial issue in the economics of
renewable resources and we recall that it is originally given as a warning of the possible consequences
of sole ownership (Clark (1973, cf. Begon et al 2006, p. 459). Clearly, this question becomes much more
actual in “tragedy of the commons” context but besides the contribution by Mitra and Sorger (2014)
results for nonlinear models and finite number of actors have been lacking (cf. Clark 1990, p 155-). Our
analysis shows explicitly how, in the age-structured model, the existence of optimal sustainable solutions
depends on fundamental biological factors like the number of spawers produced by one spawner, i.e. the
reproductive rate, and on the internal delays in the age-structured system. It turns out that in the age-
structured models the existence of optimal sustainable solutions is much more critical compared to the
biomass model. In our game theoretical setups we obtain new results on this question showing how the
existence depends on the objective function parameters beyond the rate of interest.

Our study is an extension of Quaas and Tahvonen (2018) where the model is analyzed assuming
two age classes. In addition to extending the model to include any number of age classes we study a

symmetrical game theoretical equilibrium where all actors harvest two age classes, derive new results
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for the existence of sustainable solutions, show global asymptotic stability of steady states and extend
the analysis to stochastic recruitment. We first present the model and assumptions on functional forms.
We solve the collectively optimal solution in closed form applying dynamic programming and prove the
existence and global asymptotic stability of sustainable solutions. Our first game theoretical setup
assumes that all actors are perfectly similar and harvest either one or two age classes. We find conditions
for the existence of sustainable equilibria and global steady state stability. Next, an asymmetric Markov-
perfect Nash equilibrium is solved given the group of actors harvesting the young age class is different
from the group harvesting the old and that the groups may differ in their numbers and a utility function
parameter. Finally, we show that stochastic recruitment makes harvesting more conservative in all the

equilibria studied. With some exceptions, the proofs are given in the appendix.

2 Model structure and assumptions

Let x,,5=12,..,mt=0,1,... denote the biomass in age class s at the beginning of period t. Assume

m>1. Recruitment occurs after harvest and depends on population size and structure and is given by a

continuous twice differentiable recruitment function f . The survivability of individuals of age class s
to age class s+1 is O<y, <1, where s=1,..m-1. The age specific per period harvest is

h,,s=1,...m,t=0,1,... .The population development over time can now be specified as

X = f (Xlt""'xmt'hlt""’hmt)' (1)
Xs+l,t+1:ys(xst_hst)ls211"'1m_1, (2)
X =X,S=1,...,Nn. 3)

Additionally, the variables must satisfy

h,>0,x,>0,s=1,..m,t=01,.... (4)

st — st —



The per periodic utility from harvesting depends on total age class specific harvest and is given by a

continuous twice differentiable utility function U . Denoting the per period discount factor by

p=1/(1+r), where r is the rate of discount the problem is to

{hg., s_l ..... mtO,l ZU hlt’ Y mt ! (5)

subject to (1)-(4). As such this specification is essentially similar with those in Reed (1980) and Getz
(1980) which, however, restrict the analysis to maximum sustainable yield steady states.

To obtain an analytically solvable specification assume that the population is harvested from two
age classes k and m, where 1<k <m. Parameters 0<n, and 0<n_ denote the number of fishers

harvesting age classes k and m respectively. Utility is obtained from the two age classes separately and

are given as
h .
Ui(hit):n.u.”—, i=k,m, (6)

where 6>0, u,20,i=k,m and h,,i=k,mt=01,.. denote the harvest of individual (similar)

fisherman. When 6 =1, we write nuU (h,)=nu; In(h,). The population recruitment depends on the

number of fish in age class m (after harvesting) and is given as
f(xmt—nmhmt)za[,b’(xmt—nmhmt)lf”+1—ﬂ}ﬁ, )
where o >0, 0< <1 and n >1. Notice that when  —1, f approaches the growth Cushing (1973)

recruitment function & (X, —n,h )ﬁ but we assume 7 >1, if not stated otherwise. This assumption

m’'mt
implies that the slope of the recruitment function at the origin is bounded from above, and that recruitment

remains bounded from above even if the spawning stock becomes very large — both consistent with



principles of recruitment biology. When 7 =2, equation (7) represents the Beverton and Holt (1957)

formulation, i.e.

—n.h &(th_nmhmt)

- ~where @=afand f=(1-5)".
mt m mt) 1_,B(th—nmhmt) a OCﬁ ﬂ ( IB)

f(x

The assumptions that only the oldest age class reproduces and die after reproduction refers to
semelparous species such as eel and Pacific salmon (Jennings et al 2001). Both of these migratory fish
species are harvested from some young age class besides harvesting the oldest just before spawning.

Using p=1/(1+r) to denote the discount factor with discount rate r>0, the collective

optimization problem is

ht? 1 o 1
— ® kt mt t
V(Xo)—{hh]hfl]%lw}zt_{nkuk 1= M= —p" }7 (8)
subject to
1-n ﬁ

X = @] B (X =N ) 1= B, (©)
Xenp1 =7 (X —nhy ) hy =0 fors =k, s=1,...,.m-1, (10)
X >0,5=1,...,m, (11)
h,>0,i=k,mx,>0,s=1,..mt=01,.. (12)

Notice that when only the oldest age class is harvested, the model coincides the Deriso (1980) delay
difference fishery model. Another special case is obtained when only some age class 1<k <m is
harvested. In Clark (1990, p. 197-) the steady state solutions for closely related setups are discussed.

Assuming m=1, we obtain a version of the standard biomass model for optimizing the escapement

X, —h, (Clark 1990, p. 198-).



3 Collectively optimal feedback solution

As in the fish war literature and as in Mitra and Sorger (2014), we set @ = in order to obtain analytical

closed form solutions. We hypothesize that the value function has the form

vi)=ge s

where ¢,4.,s =1,....m are unknown parameters. Thus, we attempt to solve the Bellman equation

m ilﬁq -1
¢+Zi:1¢' u -

1-n
hin_q hn_q o ﬂ(xk—nmhm)“’+1—ﬂ -1 7(x —nh R 7%, ) -1
R I [ 1-7 } +¢“[ . 1:;)J +ZL§+1¢'( 11—)77

Maximization of the RHS leads to unh" - pd../n, (X —nh )" =0 and u,n b, - pga’™pn, (1-n,h, )" =0.

Postulating h; = w,x

X, J=k,m, where @,,i =k, m are constants implies

_ - uaw, "
U " = phr[7(L-ne@)] " =0 g, = A (13)
[r(1-na)] "m0
U@, — pha P=1,0,) " =0 o =% (14)
a(1-n,@,)" B
Postulating again h; = o;x;, j =k,m, the Bellman equation reads
. X-l_” _1 1-n _ 1-n _
¢+Zi:1¢l ( Il )_uknk (a)k);-k) 1_uman
T o 7 (15)
- _ 0 ol = I
L, ¢+¢1a [/)’(xm N,@.X,)  +1 ,6’} 1+¢K+1 [7 (% -nox)] —1+Zik=2 qﬁ,[(yxifl) 1} N
1-n 1-n izk+1 1-n
Since (15) must hold with any positive X,i =1,....k , we obtain
$—pp.r"=0,i=1..k-1, (16)



g —una"" - phy (=N ) =0, (17)
¢—pd.y"=0i=k+1,..,m-1, (18)
B = U@, = pha™ B(1-1,0,) " =0. (19)
From (16) and (18)

g =y P = g where & = T pHE (20)
thy = oy "IN = 18, where s, = M pikem, (21)
Apply (20) and (21) and write (17) and (19) as

46, ~un o "~ phy " (L-ne )" =0, (22)
BeaOn —UnDy, " = pha B (1=, )" =0. (23)
Elimination of ¢,,j =1k +1 from (22) and (23) by (13) and (14) leads to

U0, "a" (1-n,@,)’

Bp

—-u " =0, (24)

u ey (1-na, )ﬂ _
yo)

U@ =0, (25)

m~m

which, given the assumptions 0< p<1,7>1,a¢>00<f<ly>0k>1,m>2k<m,mkeN, have the solution

1
(B3 pr )
1

1
N (8,8, )1+, (S Uy o™ )7

o, =u] (26)

1 1
(8.8, )7 —(p*a*" By )

1 1
0 (Suy o™ B)1+10, (5,5, Up )

k*m™m

(27)

1
Y
®, =u’

Proposition 1. Assuming



1
p—m < aﬂl,,,ym—l ,

(28)
the steady state exists, is unique and
1
1-p I m—
i {WJ A= Ao )(1-n,0,) (29)
X =7 (1-n@ ) x4, o, =0fors<k+1s=2,.,m, (30)

where given(26)and (27) 4 =7""p*" (ay)""" (56; )
k
Proof, Appendix A.
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Figure 1. Size of age class x, as a function of @, and @, and the optimal steady state.
Note: n=2,a=8,=y=09,p=099k=2m=4,u, =15u,=12n =2n =3



An example of the dependence of the steady on @, and @, is shown in Figure 1. To interpret the

existence condition (28) notice that aﬁfl" is the derivative of the recruitment function (7) when the

number of oldest fish net of harvest approaches zero. For the biomass model m=1 and we obtain the
familiar condition r <oz/3ﬁ —1 (cf. Clark 1990, p. 231). Multiplying aﬁrl” by the survivability factor

7™ yields the maximum reproductive rate, i.e. number of spawners produced by each spawner in the

absence of density dependence in recruitment. According to Myers et al (1999) this is perhaps the most
fundamental parameter in population biology and for fish species it typically varies between 1-7. The
maximum reproductive rate must exceed one for the population to be biologically viable. Writing (28)

as

1

1<afy™ o™,
shows that the economically discounted maximum reproductive rate must be higher than one for the
population be economically viable i.e. for the optimal sustainable harvesting solution to exist. The critical

discount factor is higher (and interest rate lower), the lower are « and y and the higher are 3,7 and
the number of maturation periods m. For example assuming « =6,8=0.9, » =0.8, n=2 and m =4, the

maximum reproductive rate equals 3.41 and the critical discount rate 36%. Decreasing the level of « to
2 decreases maximum reproductive rate to 1.4 and the critical discount rate to 3.3%.

Proposition 2. Given the existence of optimal positive steady state population level, the steady
state is globally and asymptotically stable for the optimal feedback solutions.
Proof, Appendix A.

The proof utilizes the fact that the dynamic system (9)-(10) with feedback harvesting rules can
be transformed to a linear difference equation system. Given condition (28), it then follows that the
unique steady state of this system is globally stable for optimal feedback solutions.
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Proposition 3. Given p ™" < aym‘lﬂfl" the optimal steady state satisfies the properties:

o> x,
a) %>O, o, <0, % :Ofors:l,...,k,%<0fors:k+l,...,m,M<0
ou, ou, ou, ou, ou,

on, <0, o, >0, X =0fors=1,...k, X >0fors=k+1,....m,

ou,, ou,, ou,, ou,, ou,,
0 m, X o(n.h
b) s :Ofors:l,...,k,%<Ofors:k+1,...,m,—(zs‘l )<0,a—hk<0, (ny k)>0, on, <0,
on, on, on, on, on, on,

on, <0, 8(nmhm) >0, oh, <0, O, =0fors=1,...k, O, >0fors=k+1,....m,

on on on on on, on,,

m m m m

: : a(n a(n
c) Givenn, =n_ =n, it follows that ( wk)=0, ( w’“)=0, o, =0,s=1,...m,

on on on
d) O, >0,s=1,....m, oh, >0, Uy high enough = % <0, Ll low enough = a—hk > 0.
op op un, op u,n, op

Proof, Appendix A.

For comparison, recall that in the generic biomass harvesting model the only parameter
influencing optimal steady state is the discount factor. Proposition 3 shows that here the optimal
population steady state depends not only on discounting, but other properties of the objective function as
well. Higher marginal value of fish from older age class increases their harvest level, decreases harvest
from the young age class and increases total population size. Higher marginal value of young fish has
opposite effects. The number of fishermen harvesting the old and young age classes have similar effects

albeit in the case of equal number of fisherman harvesting both age classes their total number does not
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have any effects. Higher discount factor implies higher population size and higher harvest from the old

age class but the harvest from the young age class may increase or decrease.

4 A symmetric Markov perfect-Nash equilibrium: all actors harvest both age classes

Assume that all fisherman harvest both age classes and denote their total number as n(=n, =n,). Thus,

each fishermen aims to solve the problem

w | htT-1 he -1
V(X°)_{hn,hT%i,...}Zt=°[uk 1-7 ln 1-7 r

subjectto
X = a[ﬂ(xmt -Hy - hmt)l_” +l_,8]1j7,
Xeao1 =7 (X¢ —He =Ny ) He=h, =0 fors=k,s=1..m-1,

including (11) and (12) and where H, ,i =k,m denote the harvest of all other (similar) fisherman. We

will analyze only the Markov-perfect Nash equilibria, or Nash equilibria for short and apply Dockner et

al (2000, p. 92- and Sorger 2015, 210-). The Bellman equation for each player is written as

(-3

¢-I-Zi:1¢' 1_]7 =
= L 1-7
hir-1  hi7-1 aln[ﬂ(xm—Hm—hm) +1—,B}—1 [}/(Xk_Hk_hk)J SR (VXi- )117_1
{W} H kl—r; Fn 1-n Al 1-73 e 1-n +Z§;§+1¢|11_—77

Maximization of the RHS implies uh” —7pd.,[ 7 (% ~h —H,)] =0, u,h." - Boga*” (x, —H, —h,) " =0.

Given h =@ x,i=k,m and H; =(n-1)h;, we obtain
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ua,
@4—1 = -7 ]
[7 (1_ na)k):l yp

uma)m_n
" (1-na,)" Bp

¢ =

Applying again h, = @ x;,i =k,m and H, =(n—1)h,, the Bellman equation reads as

no (%=1 ox) " -1 (ax)"-1
¢+Zi—l¢'( 1-7 )_uk< : k) -u ( L m)

1— 7] m 1— 77
1-1 _ 1-n _ _ 1 1y _
L, ¢+@a {ﬂ(m1rm%m) +1 ﬂ} 1+ H[yb&—ﬂq}ﬁ} -1, " ¢B7&4) q N
1- n 1- n izk+1 1 n

Since this equation must hold with any positive x,,s =1,...,k, we obtain
¢—ps. " =0ji=1..k-1,

4 —Ua " = pgy " (1-ne )" =0,

¢ —pd.y " =0ji=k+1,..,m-1,

By —Un™" — ™ B (1-nw, )" =0.

From (34) and (35)

¢ = $6, ,where &, =y i

&, = $..0,, Where 5, = " preem,

Apply (37) and (38) and write (34) and (36) as

45, — U = pyt " (1-ne, )" =0,

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)
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ﬂwlam - uma)mL” - p¢1alﬂ]ﬂ (1_ na)m )1_77 =0. (40)
Elimination of ¢,i =1,k +1 from (39) and (40) by (31) and (32) yields

U5, "o’ (1-na,, )’

Bp

9 (@) -u,0,"(1+a -nw,) =0, (41)

U, 7" (1-ne, )’
P

9, (on.@,) —u,@, " (1+ @, —ne, ) =0. (42)

When 7 >1, the pair @, ,@,, cannot be solved explicitly from (41) and (42) but to proceed solve u, / u,,

from (41) and eliminate it from (42) and obtain

(43)

Proposition 4. Assuming 1< a8*"y™*, the solution for (41) and (42) exists and is unique.
Proof: From g, (@, .@,) =0 or (42) we obtain

(k+mip) . _kin,, Un
a)my P uk

kpem)in _m/ L/ k+mp)ln _kin,, Uy
ylerm P u, (1+ @, —na,) | +Nagy T pkImy 1

@ = (44)

Since 0w, / 0w, >0 and @, >0 as @, —0, equation g,(®,,m,)=0 or (44) defines o, as an

1
increasing function of «_ that starts from the origin. Given 1< af*"y™", equation yl(a)k ,a)m) =0 (or

43) has the properties y,(0,0)<0, oy, (®,,0)/ dw, >0 and y, (@,,0) >« as @, —n"*. Additionally,

¥: (@@, ) =0 defines @, as a decreasing function of @, . Thus, a unique pair @,,®, solving (43) and

(42) exists and this pair must solve (41) as well.o
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The existence of solution for (41) and (42) still leaves open the question whether the population

survives, i.e. whether the steady state population level is strictly positive. The necessary and sufficient

condition for the existence of steady states with X, >0,s=1,...,m is
Yz (a)k 1Oy ) = (l_ e )(l_ Ny O, ) - ailﬁll(”_l)ylim >0 (45)

(A8, Appendix A), where n, =n_ =n when all actors harvest both age classes. Given 1< aﬂﬁym‘l both
equations Y, (@,,@,)=0,i=1,2 define @, as decreasing functions of @, and any solution pair of
¥; (@@, ) =0 with the property x,>0,s=1..,m must exist below the locus of y, (&, @, )=0. Observe

that y, (@,@,)=0,i=12 are symmetric functions of @ i =k,m. This structure enables us to analyze

the existence of steady states with positive population levels. We call an equilibrium positive if it satisfies

X, >0,s=1..m.

Proposition 5. Given u, =0 or u, =0, the necessary and sufficient condition for positive Nash

equilibrium steady states is

n(p’m —l) < aﬂﬁym’l -1 (46)
Proof, Appendix A.

With one actor (n :1) , equation (46) coincide (28) and when m =1, it can be written in the form

nr <oc,Bﬁ —1, i.e. it coincides the result obtained in Mitra and Sorger (2014) for the biomass model.
Given our earlier example with ¢ =6, =0.9,y =0.8,7 =2, m=4 the critical interest rate decreases

from 36% to 5.6% when n increases from 1 to 10. When « =2 the decrease is from 3.3% to 0.34%

showing the sensitivity of positive Nash equilibrium steady state on the number of actors.
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Proposition 6. Given 7 >1,u, >0,u,, >0, the condition

n(p"~1)>ap™y"t -1 (47)

is sufficient for the nonexistence of positive Nash equilibrium steady states.

Proof, Appendix A.

Proposition 7. Given >1,u, >0,u_ >0, the condition

n(\/pTn —1)< Japgtiymt -1 (48)

is sufficient for the existence of a positive Nash equilibrium steady state.
Proof, Appendix A.

Let us denote the level of p satisfying (47) as equality by p, and the level of p satisfying (48)
by p,, respectively.
Corollary 1: At the Nash equilibrium the pair @, ,@, is higher (lower) the higher is u, / u_. Higher
value of k decreases «, and increases @, if py*" —1<0 and vice versa. Given p, < p < p, the

existence of positive Nash equilibrium steady state depends on u, / u, and K.

Proof, Appendix A.

Propositions 5-7 are illustrated in Figure 2 where the upper solid line shows @, as a function of
@, as defined by (43). This function coincides with the boundary of positive steady states (dashed line)
when either @, =0 or @, =0 as proved in Proposition 5. This implies condition (46) as a necessary

and sufficient condition for positive Nash feedback equilibrium steady states given only the young or
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old age class is harvested. When both age classes are harvested condition (47) implies that no positive
Nash feedback equilibrium exists (Proposition 6). When the locus of (43) exists entirely below the

existence boundary of positive steady states (45), positive steady states always exists independently on

u,, U, and k . This outcome follows under condition (48). When both (47) and (48) are violated the
pair @,,,o, satisfying (41 and (42) lies between the solid lines and then the existence of positive Nash

equilibrium depends on u_, u, and k as shown in Proposition 7.
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Figure 2. lllustration of Propositions 6,7 and 8.
Note: Upper solid line: Propositions 6 and 7, Lower solid line: Proposition 8
Dashed line: The boundary for positive steady states
a=4,=0093,y=095m=4,n=2,n7=1.15, p = 0.743upper solid line
p ~0.772 lower solid line

The role of discounting and number of players in Propositions (5)-(7) and Corollary 1 are

illustrated in Figure 3. A combination of N and r above the dashed line is sufficient for the

nonexistence of positive Nash equilibrium steady state. Accordingly, a combination existing below the

solid line is sufficient for the positive steady state. The two dots are examples of critical number of
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players/interest rate combinations and increasing either of these two parameters imply that no positive
steady state exist. The number of players have strong effect on the existence of positive steady state.

Given the parameters in Figure 4 and one actor the critical interest rate is 46% while with one hundred

actors the value is ca. 1%.

0.204

0.15 1

0.104

Interest rate

T T Y T 1
0 20 40 60 80 100

Number of players

Figure 3. lllustration of Propositions 5-8 and Corollary 2.
Note: ¢ =8,=0.9,y=08m=4n=2
Solid line: Below the line positive steady states exist (equation 48)
Dashed line: Above the line no positive steady states exist (equation 47)

Circle: Critical interest rate when n=20,u, =2,u, =1
Open circle: Critical interest rate when n=20,u_=1,u, =4
Given N=1, the critical interest rate is 0.46.
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Figure 4. Illustration of Proposition 8.
Note: Dotted line: Boundary for positive population levels
Solid line: Nash equilibrium, Dashed line: Optimal steady state
a=4,=0.93,y=095m=4,n=2,7=115,=08,u, =u, =1.

With zero rate of interest the conditions (46-48) reduce to the condition of population biological

viability 1< aﬂﬁym‘l , 1.e. number of actors has a role on population survivability only when interest rate

IS positive. In spite of this the equilibrium steady state depends on the number of actors even with zero

rate of interest. Given p =7 =1, the system (41) and (42) has the solution

_u(1-p) o U, (1-8)
U, (= B) AU, 0, (- 8) Uy
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implying that ne, and ne,, increase in the number of actors and that the Nash equilibrium population

level is lower the higher is the number of actors.
We next compare the Nash and collectively optimal outcomes. For this purpose let @, and o,
refer to collectively optimal outcome and @,, and @, to the Nash equilibrium respectively.
Proposition 8. Given n>1, n, =n_=n, it follows that o, < @, ,i =k,m.

Proof, Appendix A.

Thus, we obtained the expected result that in the Nash equilibrium harvesting is less conservative

compared to the collective equilibrium. Proposition 8 is illustrated in Figure 4.
Corollary 2: When the positive Nash equilibrium exists, it is globally asymptotically stable.

Proof: The global asymptotical stability follows from the proof of Proposition 2.o

5. Asymmetric Markov-perfect Nash equilibrium: two separate groups of harvesters

Given separate groups of actors harvesting age classes k and m (1<k <m) the Bellman equations are

written as
m (Xil_n_l)
¢10+Zi=1¢1i?=
1y 1-n 1-n = (49)
1 a [ﬂ(xm—nmhm) +1—ﬂ}—1 [(=H )" -1 (7)1
rT{]h?}X U, - WALIRN 1-p e 1- z::ﬁu Lo 1g ’
and
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1:] 1
¢20 ZI 1¢2|( _’7 )
_ . ) ) 50)
hE7_1 o’ ﬂ(Xm_Hm_hm)1”+1_ﬂ -1 7(%-neh 1”_1 m k- -1 (
r{nhili( u, "i_ﬂ AR [ 1-p } +¢2k+1[ ( : ]_E;;)] +Z:¢§+1¢2i( 11—)77

respectively. By maximizing the RHS of both equations and applying H, = (n, —1)h, ,h, =@ x,i =k,m

we obtain
ua, ™’
Bria = — (51)
wly(1-na,)]
u a7
¢21: B ” E - (52)

Applying again h, = @ X, ,i =k,m the Bellman equation for harvesters of age class k reads as

(x7-1) (@) -1

¢10 ZI 1¢1I —]7 uk l 77
1-n _ 1_ _1 _ 1—}7_ 1-n 1
L nmlwmxm) +1-5] [rtsonax) 1 o bl 1]
-n 1—77 i#k+1 1—77

Proceeding as before and after eliminating ¢,,,i =2,...,.k,k +1,....m leads to the conditions

$,0, — uka’kl_i7 - /0¢1,|<+17’1_'7 (1_ UNON )H7 =0, (53)

1-n

¢l,k+1§m - p¢11alﬂ]ﬂ (1 - r]ma)m) =0. (54)

The Bellman equation for the harvesters of age class m is given as

(7= (@y%,)7" -1

¢20 Z| 1¢2| _77 um 1- n .
a ”[ﬂ(x _nmwmxm) +1_ﬂi|_1+¢2k+1|: ( ka)ka):| ”—1+Zim=2 ¢2i|:(7xi—l) _li| :0’

1-n : 1-n k41 1-n

=P bty

implying after eliminating ¢,,,i =2,....k,k +2,...,m the conditions
@0k — p¢2,k+1}/l_77 (1_ N @, )1777 =0, (55)

¢2,k+15m - uma)ml_r7 - ¢21pal_”ﬂ (1_ nma)m )1_77 =0. (56)
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Elimination of ¢,,4,,,,i =1,2 from (53)-(56) leads to

n-1

(1-na)’ (1—nja)j)
o (n-1)-1

q = +®=0,i=k,m,j=km,i=]j, (57)

® = Bty o (58)
Elimination of @ from (57) and (58) implies that any @ ,i =k,m solution satisfies

Do . (59)

1+nw, —n, o,

@

Proposition 9. Given aﬂﬁym‘l >1, a unique solution 0< @ < n i =k,m for (57)-(59) exists.
Proof, Appendix A.

To develop conditions implying a positive steady state with X, >0,s =1,...,m we study solutions

satisfying (57)-(59) and the boundary condition for positive steady states (cf. 45)
(1-nw,)(1-na,)=a "y, (60)

Applying (59) and (60) enables to obtain

-m % (n—n.)=2any"
a)i:_y [myﬂ (n-n,) an'yli:m,k,j:m,k,i;tj, (61)

2an?

a:\/;ﬂﬁ\/yﬁ"%l(nk —nm)2+4omknm;/m . (62)
Additionally, the solution must satisfy (57), (58), which when specified for g, =0, can be written as

p ™= oty ) (1-n,a, )H (1-no) " 1+a, -n®,). (63)
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Proposition 10. Given n, =n_ =n, a positive Nash equilibrium steady state satisfying (57), (58) exists

iff

n(p’m —l) < \/aﬁﬁym’l -1. (64)

The discount factor that solves (64) as an equality is higher than the corresponding discount factor in

the condition (28) for the socially optimal solution.
Proof, Appendix A.

According to (64) the number of actors affects the steady state existence only if the discount factor is
below one. However, the number of actors has an effect on the steady state independently on discounting.

To reveal this assume 7 =1 and apply (57) and (58) to obtain

1-® 1-9

O =—————, O =,
n +®1-n,) n,+®1-n,)

where @ = g if p=1. Additionally, both n @, and n_a,, increase in number of actors implying that the

equilibrium steady state population level decrease with number of actors.

Proposition 11. Given 7 = 2, a positive Nash equilibrium steady state satisfying (57), (58) exists iff

-m <\/4anknm7/m+ﬁ7(nk_nm)2 nk(znm _1)_nm

g NN Z N IY

(65)

The lowest discount factor satisfying (65) as an equality is higher than the corresponding discount factor

in the case of the socially optimal condition (28).

Proof: The existence claims follow by analogous steps as in the proof of Proposition 10. The discount

factor comparison holds true if
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m _aﬂ_l]/m_l < 0

dan,n " + By(n,—n “ n 2n, —1)—n
g(a)f\/ : I ILIC,

+
Zﬁ\/;nknm 2n,n,
We obtain g =0 when 1=a8"y"*, ¢'(0)<0,9"(a) <0 implying g(a)<0 when 1<aB 7" .o

Equation (65) does not immediately reveal how the number of actors influence the existence of positive
steady state but it can be shown that the RHS approaches one from above given the population is
biologically viable and either n, or n_ approaches infinity. Thus, for any o <1, some finite number of
actors always implies that the nonexistence of a sustainable equilibrium. Accordingly, without
discounting the LHS of (65) equals one implying that the steady state population level remains positive
given the population is biologically viable and number of actors is finite. However, we have already
observed that without discounting the steady state population level decreases with number of actors. To
further clarify how the number of actors affect the steady state in the absence of discounting assume

p=1n=2andn =n_ =n.Equations (57) imply o, =®, and
®(no-w-1)-(nw-1)’ =0, (66)

where o =@, =®,,. When n — oo, it holds that @ — 0 for (66) to hold and the value of ne that solves

(66) approaches 1-J@ . This implies that in (29) A —»% and X, -0, s=1,..,n. Thus, with no
discounting, the equilibrium population level remains positive but converges toward zero when the

number of actors increase without limit. We conjecture that this holds with any 7 >1, and when n, #n.

A numerical example is shown in Figure 5 where n, =n_ .
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Size of age classes 1 and 2

0 50 100 150 200

Number of actors harvesting the oldest age class

Age class 1, discount factor r=1
— — —  Ageclass 2, discount factor r=1
****** Age class 1, discount factor r=0.96
— — — — Ageclass 2, discount factor r=0.96

Figure 5. Equilibrium steady state population with and without discounting

Note: ¢ =8,=0.9,=08 m=2,n=2,n, =10.

Proposition 12. Given =2 and any choice of «>0,0<8<1,0<y<1,2<m the discount factor

satisfying

o \/40mknm7/m +Br(n.—n, )2 n(2n,-1)-n,

P 2By, T onn,

(67)

is highest when n_, =n,.
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Proof: Write n, =1-n_. This implies that the RHS of (66) becomes a concave function of n_ which

obtains its minimum value when n_, =n, =%.o

Proposition 13. In Nash equilibrium at least @, or @, is higher than in the collectively optimal solution

satisfying satisfying (24), (25).

Proof, Appendix A.

2

Figure 6. lllustration of Proposition 13
Solid lines: Nash equilibrium
Dashed line: The optimal equilibrium boundary
Dotted line: The boundary for positive steady states

Note: a=4,=0.6,y=08m=4,n =n_ =1,7n=2, p=0.95.
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Proposition 13 is demonstrated in Figure 6, where n, =n,_. The Nash equilibrium is independent
on parameters u, and u, while the optimal pair of @,,®, may exist anywhere on the dotted line. Thus,

it is possible that the harvesting of either the young or old age class is more conservative in the Nash
equilibrium compared to the optimal outcome. This implies that in contrast to the equilibrium where all
actors harvest both age classes it is not possible to rule out an outcome where the Nash equilibrium steady
state population is larger compared to the optimal steady state population. This is possible if u, /u_ is
large implying by proposition 3a that the optimal total population steady state level is low while the Nash

equilibrium steady state is independent on these parameters.
6 Stochastic recruitment

We assume that recruitment is stochastic and that &

.., follows an iid random process with positive

support. The expected value of &,,, equals the value of a in the deterministic setting, i.e. o = E[&HJ,

to make the deterministic and stochastic models comparable. We guess that the value function has the

same form as in the deterministic case. Thus, we attempt to solve the Bellman equation

09

AV
~o 1-n 1-
4 hin_q alﬂ[ﬂ(xk—nmhm) +1—ﬁ}—1 [;/(xk—nkhk)] L R (7% )1_’7—1
) X i-1
et sy, B 0B g - A T

Maximization on the right-hand side leads to
un b — p¢k+171_’7 Ny (Xk —nhy )777 =0,
um nm hn;n - pgplEI:de” :Iﬂnm(xm - nm hm )_” = 0'

Postulating h; = @;x;, j=k,m, and following the same steps in the deterministic case, we obtain
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Bk (5k5m)'17—(pZE[&l"7]/3yl"’)’l7

@ = Oy 1 1
(64 Snoi )0y +(5k o pyl‘”)n n,

1
017 (6.6, )% —(pZE[dH ]ﬂyl”’ )”
m 1

- :
(S0 PE[ & |B) 0 +(5,5,0,)n,
For 1 =1, harvest rates equl their deterministic values. For 7 >1, IE[0~41"7]>(E[07])17'7 =a", by

Jensen’s inequality, as @ is a convex function of &. As bothm, and @, decrease in ]E[a?l‘”],

uncertainty makes optimal harvesting more conservative.
The solutions for the Nash equilibria are very similar as in the stochastic case. The only difference

is that (41) and (42) are replaced by

umé‘kwm_ﬂ (l_ na, )77

gl(a)m,a)k)z E[&l’”]ﬁp —Uka)k‘” (1+a)k —ﬂa)k)z 0,
-n(1_ n

9, (@, @)= UOn s (:1[77 no,) —u,@, " (1+ @, —naw, ) = 0.
PY

Condition (58) remains very similar, except that we now have
d = Elidlfﬂ ]ﬂy(lfrz)(mfl)pm.
In both Nash equilibria stochastic recruitment makes harvesting more conservative similarly as in the

optimal solution.
6 Conclusions

Our aim has been to present analytical and closed form solutions for harvesting age-structured
populations in both optimal and game theoretical settings. Developing economic models on management

and harvesting of biological populations to include population internal structure allows to utilize the
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latest development in population biology and the detailed data available. From the management point of
view this development is necessary since according the present knowledge fishing causes age truncation
effects which alter population future growth and life history traits. A warning example is the collapse of
Atlantic cod stock off Labrador and Newfoundland that belongs to the worst collapses in the history of
fisheries and which has been explained to be a course of uncontrolled fishing-induced age and size

truncation effects (Olson et al 2004).

Presently, optimization models including population internal structure are analyzed by numerical
methods with only handful of exceptions (e.g. Tahvonen 2009). Analytical results make the deductive
links between the model assumptions and consequences transparent and are still considered necessary
for an economic model to be accepted as a theoretically genuine construction (Lehtinen and Kuorikoski
2007). Analytical and closed form solutions for optimal harvesting models have been developed within
the Fish War literature that has this far rest on biomass models for one or several species. Thus, in
addition to strengthening the theoretical basis of the existing age-structured fishery models our study

offers an extension for the Fish War literature.

We have solved optimal and Markov-perfect Nash equilibria for a specific age-structured model
analytically and for several cases in closed form. Similar earlier analysis has not been presented in
resource economics. Among other results, we showed that the comparative statics of the steady states of
these equilibria differ from the corresponding biomass model. In the symmetric Nash equilibrium where
all actors harvest two age classes the harvests are less conservative compared to optimal solutions while

in the asymmetric Nash equilibrium with two groups of actors the reverse is possible.

Since Clark (1973) one important and much discussed question has been the existence of optimal
sustainable solutions or “optimal extinction”. Most commonly, this has been studied in the sole owner
context while a game theoretical many player setup is clearly more relevant. We have presented a set of

29



new results showing how the sustainability depends critically on specific biological factors, number of
harvesters and properties of the objective functional beyond the rate of discount. The interplay of the
delays in the age-structured system together with the number of actors makes the existence of optimal

sustainable solutions more vulnerable that suggested by the biomass models.
Appendix.
Proof of Proposition 1

We study the steady state of the system
_ 1-n 1= =
X =@ X AL-n,0,) " +1- 8], (A1)

Xepton = ¥ Xy (1—nka)s), o, =0 fors=k,s=1,..,.m-1, (A2)

Given 7>1, this can be transformed to a linear difference equation for x.”,s=1,...m. Denote

X" =X,,5=1,...,m. Thus,

Xy =a"B(l-n,m, )H X +a(1-4), (A3)

Xonm =77 (1-nw) " X, where @, =0 fors<k,s=1,..m-L1. (A4)

Let X,,s=1..m denote the steady state. Solving (A4) recursively vyields

X, = },(mfl)(l—n) (1_ N, )1717 X,
which enables us to solve X, from (A3):

a}/mml (1_ﬂ)(1_nka)k)n (l_nmwm )]] (A5)

7 (L) (o) o™ (1-,0,) (01,1

1
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which after simplification yields (29). Given no harvesting and @, = @,, =0, (A5) implies

a7m17+l (1_ﬂ)
- ar]}/mrﬁl _aﬂymﬂj !

1

mp+l

i.e. without harvesting the population is viable iff "y aBy™" >0, or equivalently

1<q r1”)/”“’1. (A6)

Under harvesting the existence of strictly positive steady state requires that the denominator of (A5) is

strictly positive and 1-n,@, >0,1-n_ @, >0. The denominator of (A5) is zero iff @, =1/n, or
on, =1-a g (1-n @) (A7)

By (A6) and (A7), o, >0 when @,=0, o, =0 when @,=1/n_ and X, >0 when @ =@, =0
implying that (A7) defines «, as a decreasing concave function of @, . Since, x, = XY \we obtain a

necessary and sufficient condition for x;, >0 as
(1-an)l-n,m,)>a™ V() om (A8)

After elimination of @, and @, by (26) and (27) we obtain (28). The population steady state,

X.,S =2,...,m in (30), follows from (10).0

S

Proof of Proposition 2.

In matrix notation the linearly transformed system (A1), (A2) is written as X,,; = GX, +X,

where X, =X, Xp - X ], X =[X1,X,,....X,,] and
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0 0 0 & p(1-nm,)"]
¥ 0 0 0
G={0 v o+ 0 0 , (A9)
0 0 0 0
o 0 Y ey 0 l

giventhat x4, =1-na@,,s=1,..m-1for s=k, 1<k<m-1and g =1 for s=Kk.

Computing the Jacobian matrix for m=2,3,... shows that the characteristic equation for (A9) can be

written as
"= p(-ne, ) (L-nw, )y <0, (A10)

Given the existence of positive steady state (condition (45)), the moduli of roots z in (A10) are strictly

below one implying that the steady state is globally asymptotically stable for optimal feedback

solutions.

Appendix C. Proof of proposition 3.
a) From (26), (27) and (29) we obtain ow, /du, >0,0m, /ou, <0, dm, /0ou, <0,0dm, /ou,>0

and ox, / ou, =0. The remaining claims follow from (30). b) From (26), (27) and (29) we obtain
dw, 1 on <0,8(amn)/ on,>0,0am, ! on, <0, dw, 1 on, <0,8(ew,n, )/ on, >0, 3@ /on, <0
and ox, / on, =0. The remaining claims then follow from (30). ¢) From (29) 64/0p >0 and

ox, 1 04 >0 and by (26), (27) ow, / 0p<0,s=k,s implying that ox, / dp>0,s=1,...m. Finally, the

effects of o on h, and h_ follow by (28). [J

Proof of Proposition 5.
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Assume u, =0 and set @, =0 in y,(@,,m,)=0 and write

an—ly(m—l)(n—l) P (1_ N, )'7

yl(o’a)m): g

+nw,, —o, -1=0. (A11)

Eliminating @, from (A11) by vy, (0,@,)=0 and solving (A11) for p produces

-1

L S ™
p=p"Y [ﬂnl (n=1)/n+ay™*In| . (A12)
. 0w, oy, , I
Since —" <0 and —% <0, the level of p must be higher than the RHS of (A12) which is
ap ¥2(0.097)=0 aa)m

equivalent to condition (46). The symmetry of (43) and (45) implies that the argument for the case u,, =0

is exactly analogous.o

Proof of Proposition 6.

By Proposition 5 y, (& ,@,) =Y, (®,.@,)=0 given n(p*"‘ —1)=aﬁll”y”‘l—1 and either @, =0 or
w, = 0. After elimination &, from y, (@, ,@,) by Y, (@, ,@,) =0, the equation y, (&, @, ) =0 becomes
a function of w,, say y(@,). It holds that y(0)=0,y'(0)<0 and y"(w,)>0 implying by
dy, | 0w, >0 that the solution pair of y,(«,,,)=0 exists above the solution pair of y,(&,,a,)=0

when @, >0,m, >0. Decreasing the level of p implies (47) and shifts the solution locus of

A (a)k ,a)m) =0 upwards implying that no steady states exist.0

Proof of Proposition 7.
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Positive steady states exist if the locus of y, («,,@,)=0 is below the locus of y,(w,,®)=0. By the
symmetry, in the borderline case both equations are satisfied only at one single point where o, = a,.

Equation y, (@, ,m,) =0 yields two solutions for such a point, i.e.

1 1-m

2, 2
o =1+ 7 (A13)

n Wa
Elimination of @, and @, from y, (@, ,®,) =0 by @, = @, and the lower root in (A13) enables to obtain

a nonnegative solution for o, which can be given as (48) when taken as an equality. After elimination

of o, by y,(o,,@,)=0 from y,(a,,m,) we obtain a function of @, and its value is strictly negative
excluding the lower root of (A13). Since dy, / dm, >0, the locus of y, (@, ,m,)=0 cannot exceed the
locus of y, (@, ,a,)=0. Increasing p shifts the locus of y,(@,.s,)=0 downwards. By the fact that

the LHS of (A13) is decreasing in p implies that (48) is sufficient to x, >0,s=1,...m at the Nash

equilibrium steady state.o

Proof of Corollary 1.
The Nash equilibrium pair @, and @, solve (42) and (43). Equation (43) defines @, as a decreasing

function of @, (Proof of Proposition 4) that is independent of u, ,u,, and k. Equation (42) determines
@, as shown in (44) and we obtain da, / 2u, >0 and  Sign(da, / ok )=Sign(In(p)-(n-1)In(y))
=Sign( oy ~1). This directly determines the dependence of e, and @, on u, / u, and k. When

P < P < p,, Propositions 5 and 7 imply that the solution lines for y, (@, ,®,)=0 and y,(®,,o,)=0
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cross. This implies that the existence of the Nash equilibrium with x; >0,s =1,...,m becomes

dependenton u, /u, and k. o

Proof of Proposition 8

Write conditions (41) and (42) as

U0, "a"™* (1-na, )’

0, (o, 1) = 7 U0 " (1+ o - una,) =0, (A14)
S v(1- !
o (0 p0) = % [7(1-ne,)] 0, (14 @, e, ) =0, (A15)
e

where 0< #<1.When u =0, these equations coincide equations (24) and (25), i.e. define the

collectively optimal outcome. Assume =0 and solve from (Al14) and (A15)

1

o, ol (ﬂ/);k ]"
um
B = (A16)
1
S
o, = % f)mo(“k n)" . (A17)

1
(%Dum ); + nya)mo (uk5m );

Equation (A16) defines ,, as an increasing strictly convex function of @,, and (A17) an increasing
and strictly concave function respectively. Both functions imply that o, =0 when @, =0. At the
origin the slope of (A17) exceeds the slope of (A16) implying the existence of a unique a,,,®,,
solving (Al4), (A15). From (A14) o9, / 0w, > 0,09, / 6 >0 implying dw, / dz <0, i.e.inthe o, o,

plane increases of u shifts the locus of gl(a)k ,a)m,y) =0 downwards. From (A15)
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a9,/ 0w, <0,09, / du>0 implying de, / d>0,i.e.inthe o, @ plane increases of u shifts the

locus of g, (@ ,@,.1)=0 upwards. This implies @, <, i =k,m.c

Proof of Proposition 9.

By (59) @, =0 when @, =0 and ¢, is an increasing function of @, . By (57) q,,(0,0)<0 if ®-1<0
.By (58) ®—1<0 isequivalentto p™ — Ba"y ™Y 5 0 which holds by 87y >1. Additionally,
O (@,0)=0 when o, = (1—cl)ﬁ)nk’l <n.By ®-1<0, q,(0,@,) =0 holds with some finite level
of 0<a, <n,™ since g, (0,0)<0 and g, (0,@,)=-(1-n,@,)" (1-n,@, +®,)" +® isan increasing
function of @, and q,, (O,nm‘l) > 0. Because g, =0 defines @, asa monotonically decreasing function

of w

. in the domain 0 < @, < @, the solution exists and is unique.o
Proof of Proposition 10.

When written as an equality (64) follows directly from (61)-(63). The inequality sign follows by (45) and

since the LHS of (60) decreases in @, and because oq, / a(p-m) <0 and dq, / 0w, >0 in (57). When

m

p " is increased from the level that satisfies (64) as an equality, the level of @, or @, must increase in

order to (63) to be satisfied. This, implies that in (60) the RHS exceeds the LHS implying by (45) that

the steady state with X, > 0,s=1,...,m does not exist.

The discount factor comparison holds true if

%(x/;ﬂz‘ll”)ymfl—n)—aﬂll”yml <o, (A18)
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The sign of the LHS of (A18) equals the sign(\/;ﬁz‘”l” —\/Zy?). Condition (28) implies 1< o™ y™ .

Since the term \/;ﬂm —\/Eﬁ is decreasing in « and zero when 1= aﬁrl”ym*l, it follows that the sign

in (A18) holds and the level of discount factor satisfying (64) as an equality must be higher than the

corresponding discount factor in the case of the socially optimal solution.oo

Proof of Proposition 13.
After eliminating u,, / u, equations (24), (25) imply
-(1-na)' (1-n,m,)"+®@ =0, (A19)

where @ is given by (58). The Nash equilibrium must solve (57) and (58) specified for i =k and this

condition can be written as

(1-nao) (1-n,@,)’ _
“A-ne)[i-a(n _1]+q>_o. (A20)

Given @, >0,, >0 it follows that 0< (1-n, @, )[1-a, (n, —1)|<1. Since —(1-n,)(1-n,m,) is
increasing in @, and @, , the locus of (A19) must exist below the locus of (A20) when, >0,m@, > 0.

This rules out the case where both @, and e, are lower in the Nash equilibrium compared to the

collectively optimal solution.o
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